SMARANDACHE CURVES ACCORDING TO CURVES ON A 
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ABSTRACT. In this paper, we introduce Smarandache curves according to the Lorentzian 
Darboux frame of a curve on spacelike surface in Minkowski 3-space R?. Also, we 
obtain the Sabban frame and the geodesic curvature of the Smarandache curves 
and give some characterizations on the curves when the curve a is an asymptotic 
curve or a principal curve. And, we give an example to illustrate these curves. 


1. INTRODUCTION 


In the theory of curves in the Euclidean and Minkowski spaces, one of the interesting 
problem is the characterization of a regular curve. In the solution of the problem, the 
curvature functions « and 7 of a regular curve have an effective role. It is known that the 
shape and size of a regular curve can be determined by using its curvatures & and 7. An- 
other approach to the solution of the problem is to consider the relationship between the 
corresponding Frenet vectors of two curves. For instance, Bertrand curves and Mannheim 
curves arise from this relationship. Another example is the Smarandache curves. They 
are the objects of Smarandache geometry, i.e. a geometry which has at least one Smaran- 
dachely denied axiom ([3]). The axiom is said Smarandachely denied, if it behaves in at 
least two different ways within the same space. Smarandache geometries are connected 
with the Theory of relativity and the Parallel Universes. 

By definition, if the position vector of a curve 6 is composed by the Frenet frame’s 
vectors of another curve a, then the curve £ is called a Smarandache curve ([7]). Special 
Smarandache curves in the Euclidean and Minkowski spaces are studied by some authors 
({1, 4, 5, 6, 9, 10]). For instance the special Smarandache curves according to Darboux 
frame in E® are characterized in [8]. 

In this paper, we define Smarandache curves according to the Lorentzian Darboux 
frame of a curve on spacelike surface in Minkowski 3-space R?. Inspired by above pa- 
pers we investigate the geodesic curvature and the Sabban Frame’s vectors of Smaran- 
dache curves. In section 2, we explain the basic concepts of Minkowski 3-space and give 
Lorentzian Darboux frame that will be use throughout the paper. Section 3 is devoted to 
the study of four Smarandache curves, T7-Smarandache curve, Té-Smarandache curve, 
n€-Smarandache curve and T7n€-Smarandache curve by considering the relationship with 
invariants kn, kg(s) and T,(s) of curve on spacelike surface in Minkowski 3-space R}. Also, 
we give some characterizations on the curves when the curve a is an asymptotic curve or 
a principal curve. Finally, we illustrate these curves with an example. 


2. BASIC CONCEPTS 


The Minkowski 3-space R? is the Euclidean 3-space R® provided with the standard flat 
metric given by 


2 2 2 
(2.1) G, -) = —dxj{ + dx5 + dx3, 
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where (a1, 22,23) is a rectangular Cartesian coordinate system of R?. Since (-,-) is an 
indefinite metric, recall that a non-zero vector x € R? can have one of three Lorentzian 
causal characters: it can be spacelike if (x, x) > 0, timelike if (x, x) < 0 and null 
(lightlike) if (x, x) = 0. In particular, the norm (length) of a vector x € R? is given by 
\|x|| = ./|(x, x)| and two vectors x and y are said to be orthogonal, if (x, y) = 0. For 
any x = (41, 2, £3) and y = (y1, y2, y3) in the space R?, the pseudo vector product of 
x and y is defined by 


(2.2) XX y = (—r2y3 +. r3Yy2, T3y1 — T1y3, Tiy2 — Tayi). 


Next, recall that an arbitrary curve a = a(s) in E}, can locally be spacelike, timelike 
or null (lightlike), if all of its velocity vectors a’(s) are respectively spacelike, timelike or 
null (lightlike) for every s € I.({2]). If |la’(s)|| 4 0 for every s € I, then a is a regular 
curve in R?. A spacelike (timelike) regular curve a is parameterized by pseudo-arclength 
parameter s which is given by a: C R—> R? , then the tangent vector a’(s) along a 
has unit length, that is, (a’(s), a’(s)) = 1 ({a’(s), a’(s)) = —1) for all s € I, respectively. 


Remark 1. Let x = (#1, %2, ©3), y = (y1, Yo, Y3) and z= (z1, 22, 23) be vectors in 
R}. Then: 


T1 LQ X83 


(i) (xxy,z) = | yr yo ys 
Z1 22 23 
(it) xx (yxz) = —(x, z)y + (x, y)z, 
(iit) (x xy, Xx y) a Oe, (x, x) (y; y) a (x, y)’, 


where x is the pseudo vector product in the space R?. 


Lemma 1. In the Minkowski 3-space R}, following properties are satisfied ((2]): 
(i) two timelike vectors are never orthogonal; 

(it) two null vectors are orthogonal if and only if they are linearly dependent; 
(itt) timelike vector is never orthogonal to a null vector. 


Let ¢:U CR? —R}, d(U)=M andy:I1C R—+U bea spacelike embedding 
and a regular curve, respectively. Then we have a curve a on the surface M is defined 
by a(s) = ¢(y(s)) and since ¢ is a spacelike embedding, we have a unit timelike normal 
vector field 7 along the surface M is defined by 


—_ bx X by 
1 = Toe X dull 


Since M is a spacelike surface, we can choose a future directed unit timelike normal vector 
field 7 along the surface M. Hence we have a pseudo-orthonormal frame {T,7,€} which 
is called the Lorentzian Darboux frame along the curve a where €(s) = T(s) x (s) is an 
unit spacelike vector. The corresponding Frenet formulae of a read 


(2.3) 


T’ 0 kn kg T 
(2.4) nN |=| kn O 7%, n |, 
f. —kg T; 0 g 


where kn(s) = —(T’(s),n(s)), kg(s) = (T’(s),€(s)) and t4(s) = — (é'(s),(s)) are the 
asymptotic curvature, the geodesic curvature and the principal curvature of a on the 
surface M in R}, respectively, and s is arclength parameter of a. In particular, the 
following relations hold 


(2.5) Txn=6& nx€=-T, €xT=n7. 


Both ky, and kg may be positive or negative. Specifically, kn is positive if a curves towards 
the normal vector 7, and kg is positive if a curves towards the tangent normal vector &. 
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Also, the curve a is characterized by kn, kg and Tg as the follows: 
an asymptotic curve iff kn = 0, 
(2.6) a is a geodesic curve iff kg = 0, 
a principal curve iff 7, = 0. 
Since a is a unit-speed curve, @ is perpendicular to T, but @ may have components in the 
normal and tangent normal directions: 


& = knyntkgé. 
These are related to the total curvature « of a by the formula 
(2.7) K? = ||Gl|? = k3 — ke. 


From (2.7) we can give the following Proposition. 


Proposition 1. Let M be a spacelike surface in R}?. Let a= a(s) be a regular unit speed 
curves lying fully with the Lorentzian Darboux frame {T,n,€} on the surface M in R?. 
There is not a geodesic curve on M. 


The pseudosphere with center at the origin and of radius r = 1 in the Minkowski 3-space 
IR? is a quadric defined by 


Si={z R}| ai +23+23=1}. 


Let 6:1 CR—> S? be acurve lying fully in pseudosphere $? in R?. Then its position 
vector 8 is a spacelike, which means that the tangent vector Tg = 6’ can be a spacelike, a 
timelike or a null. Depending on the causal character of Tg, we distinguish the following 
three cases, [5]. 


Case 1. Tg ts a unit spacelike vector 


Then we have orthonormal Sabban frame {6(s), T3(s), €3(s)} along the curve a, where 
€3(s) = —G(s) x T(s) is the unit timelike vector. The corresponding Frenet formulae of 
8, according to the Sabban frame read 


B' 0 1 0 B 
(2.8) 4% {=| -1 0 —Rg(s) | | Ts 
£p 0 —kg(s) 0 &e 


where kg(s) = det(@(s), T(s),73(s)) is the geodesic curvature of 8 and s is the arclength 
parameter of 8. In particular, the following relations hold 


(2.9) BxTp=—&, Tgx€e=8, &x B=Tz. 
Case 2. Tz is a unit timelike vector 


Hence we have orthonormal Sabban frame {6(s),73(s),€3(s)} along the curve 8, where 
&3(s) = B(s) x T(s) is the unit spacelike vector. The corresponding Frenet formulae of 
8, according to the Sabban frame read 


B 0 1 0 B 
(2.10) Pee ee U, MOC. Rats) Ta 
£p 0 kg(s) 0 fs 


where k,(s) = det((s),T3(s),74(s)) is the geodesic curvature of 8 and s is the arclength 
parameter of 8. In particular, the following relations hold 


(2.11) Bx Ts = &, Ts x €e = B, &g x B = —Tz. 
Case 3. Ts ts a null vector 


It is known that the only null curves lying on pseudosphere S$? are the null straight 
lines, which are the null geodesics. 
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3. SMARANDACHE CURVES ACCORDING TO CURVES ON A SPACELIKE SURFACE IN 
MINKOWSKI 3-SPACE R} 


In the following section, we define the Smarandache curves according to the Lorentzian 
Darboux frame in Minkowski 3-space. Also, we obtain the Sabban frame and the geodesic 
curvature of the Smarandache curves lying on pseudosphere $7 and give some characteri- 
zations on the curves when the curve a is an asymptotic curve or a principal curve. 


Definition 1. Let a = a(s) be a spacelike curve lying fully on the spacelike surface M in 
R? with the moving Lorentzian Darboux frame {T,n,€}. Then Tn-Smarandache curve of 
a is defined by 


(3.1) B(s*(s)) = Sq (o(s) + bn(s)), 


where a,b € Ro and a? — b? = 2. 


Definition 2. Let a = a(s) be a spacelike curve lying fully on the spacelike surface M in 
R? with the moving Lorentzian Darboux frame {T, 1, €}. Then Té-Smarandache curve of 
a is defined by 


(3.2) B(s*(s)) = 


where a,b € Ro and a? + b? = 2. 


1 
pr + b&(s)), 


Definition 3. Let a = a(s) be a spacelike curve lying fully on the spacelike surface M in 
R? with the moving Lorentzian Darboux frame {T,n, €}. Then n&€-Smarandache curve of 
a is defined by 


(3.3) B(s*(s)) = plants) + b€(s)), 


where a,b € Ro and b? — a? = 2. 


Definition 4. Let a = a(s) be a spacelike curve lying fully on the spacelike surface M in 
R? with the moving Lorentzian Darboua frame {T,n,€}. Then Tné-Smarandache curve 
of a is defined by 


ao ee 
(3.4) B(s"(s)) = B 


where a,b € Ro and a? — b? +c? =3. 


(aT(s) + bn(s) + c&(s)), 


Thus, there are two following cases: 
Case 4. (a is an asymptotic curve). Then, we have the following theorems. 


Theorem 1. Let a = a(s) be an asymptotic spacelike curve lying fully on the spacelike 
surface M in R} with the moving Lorentzian Darboux frame {T,n,€}. Then 

(t) if akg + btg #0 for all s, then the Sabban frame {G, Tg,&s} of the Tn-Smarandache 
curve B is given by 


a b 
B ve vs %|[T 
Ts | = 0 0 € n |, 
&8 eas ts 0 g 


and the geodesic curvature kg of the curve 8 reads 
hee aT, — Ene 
V2 
where € = sign (akg + bt,) for all s and 
ds* __ akg + bt 
<= er ae 
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(ii) if akg +btg =0 for all s, then the Sabban frame {8, Ts,&3} of the Tn-Smarandache 
curve 2 is a null geodesic. 


Proof. We assume that the curve a is an asymptotic curve. Differentiating the equation 
(3.1) with respect to s and using (2.4) we obtain 


, — dB 
= ae 
= Ty (ak + O74) & 
and 
(et, p') = het bre) 


2 

Then, there are two following cases: 

(i). If ak, + brz #0 for all s, since 6’ = ue ds” , then the tangent vector Tg of the curve 
6 is a spacelike vector such that 


(3.5) Tg=€€, 
where 
ds* ak, + bt, 
= ¢——_——. 


ds V2 


On the other hand, from the equations (3.1) and (3.5) it can be easily seen that 
&g = —B x Ts 


b a 
3.6 = aay poe ; 
( ) “V2 “ya 


is a unit timelike vector. 
Consequently, the geodesic curvature kg of the curve 3 = G(s") is given by 


kg = det (8, Ts, Tg) 
aT, — bkg 
V2 
From (3.1), (3.5) and (3.6) we obtain the Sabban frame {8, Tg, &g} of 8. 
(ii). If ak, + bg = 0 for all s, then #’ is null. So, the tangent vector Tg of the curve 6 is 


a null vector. It is known that the only null curves lying on pseudosphere $? are the nul 
straight lines, which are the null geodesics. 


In the theorems which follow, in a similar way as in Theorem 1 we obtain the Sabban 
frame {8, Ts,€s} and the geodesic curvature k, of a spacelike Smarandache curve. We 
omit the proofs of Theorems 2, 3 and 4, since they are analogous to the proof of Theorem 
1. 


Theorem 2. Let a = a(s) be an asymptotic spacelike curve lying fully on the spacelike 
surface M in R} with the moving Lorentzian Darboua frame {T,n, €}. Then 

(i) if 2k2—(br,)” £0 for all s, then the Sabban frame {8, Ts, a} of the Té-Smarandache 
curve B is given by 


Oe. 0 bL 
ye v2 
B —bkg bt, akg T 
Ts | =| yelore-Cro)?) Yee (Oro)") e(2H—C0r0)*) | om |, 
&g bg —2kg abtg é 
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and the geodesic curvature kg of the curve 8 reads 
(a7b?73 _ me + Abt yk) ky + (b*r2k, _ G0 75 Ke _ 4bkj) T; 
2 + (2ab? + 2ab — 4a) tak — (ab* + ab?) T2ks + ab*re 
(4k2 — 2 (br,)?)* 


9. ’ 


where € = sign (2k, — (bTg)”) for all s and 


ds* __| 2k? — (br,)” 
ds : 2 : 


(tt) if akg + bt, =0 for all s, then the Sabban frame {6, Ts,&s} of the Tn-Smarandache 
curve 2 is a null geodesic. 


Theorem 3. Let a = a(s) be an asymptotic spacelike curve lying fully on the spacelike 
surface M in R} with the moving Lorentzian Darboux frame {T,n,€}. Then 

(i) if (bk)? — 27; #0 for all s, then the Sabban frame {8, Tg,&3} of the n€-Smarandache 
curve B is given by 


0 a ae 
v2 v2 
B —bkg bt, aTg T 
Ts | = y<((eko)?-272) y<((eko)?-272) y<((oko)?-272) n |, 
B 27, b2kg —abkg é 


2«((bko)?-272) [2¢( (oko)? -272) 2¢( (bho)? 272) 
and the geodesic curvature kg of the curve 8 reads 
(4\/2b73 — (V/2a7b? + V/2b°) Toke) ki, + ((v/207b? + 2b") ko — 4/2b77 kg) 7) 
—V2ab*kg + 2V/2ab* 17k} + (4V2a — 4y/2ab") ri kg 


k —. 
7 2 (b?k2 — 272)” 


where € = sign ((bkg)* — 273) for all s and 


ds* (bkg)? — 272 
= € F 


ds 2 


(ii) if (bkg)” —277 = 0 for all s, then the Sabban frame {8, Ts,€a} of the Tn-Smarandache 
curve 2 is a null geodesic. 


Theorem 4. Let a = a(s) be an asymptotic spacelike curve lying fully on the spacelike 
surface M in R} with the moving Lorentzian Darboua frame {T,n, €}. Then 

(i) if 3(k2 — 72) + (bkg + atg)” #0 for all s, then the Sabban frame {8, Ts,£s} of the 
Tné-Smarandache curve 8 is given by 


— aT + bn + c& 
= wer =e 
Ts —ckgT + ctgn + (akg + bTg) € . 
Ve (8 (KB — 7B) + hy + 474)”) 
bs (b (akg + bTg) — C779) T + (C7kg + a (akg + bTg)) 1 — (acTg + bekg) € 


v/e (9 (43 - 72) +3 Oky + a7)” 
and the geodesic curvature kg of the curve 8 reads 
— (b (akg + bTg) — C779) fi — (C?kg +4 (akg + bTy)) f2 — (actg + bckg) fs 
9 
V3 (3 (h — 73) + (bkg + ar9)”)” 


? 
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where € = sign (3 (kg — 73) + (bkg + aTg)) for all s and 


ds* | (bkg)” — 272 
ds ? 2 , 
and 
fi = (ac — 3c) 1? + abctgkg) ky + ((3¢ — a’c) Tgkg — abck;) T, 


/ 
g 
(3a + ab”) kj + (a° + 2ab? — 3a) r7ko + (b° + 207d + 3b) Take 
+ (a*b — 3b) T2k, 
fo = (aber? + (b?¢+ 3c) Tekg) ki, — (abctgkg + (3c + bc) ke) 7) 
(3b — ab) 7} — (b° + 2ab + 3b) T3ks — (ab? + 3a) Toke 
+ (3a — 2ab? — a) TeRa 
fs = ((-a® +3a+ ab’) 73 + (6° + 3b —a7b) Tokg) ki, 
((—b® — 3b + a7b) kj + (a® — ab? — 3a) Tokg) 75 
+ (3c + bc) ks + (3c = a’) Ty + Qabetyk? - Qaber? kg 


+ (a’c — 6c-— b’c) a, he 


(ii) if 3 (ke —72) + (bkg +. aT,)* = 0 for all s, then the Sabban frame {8, Ts,&3} of the 
Tn-Smarandache curve B is a null geodesic. 


Case 5. (a is a principal curve). Then, we have the following theorems. 


Theorem 5. Let a = a(s) be a principal spacelike curve lying fully on the spacelike surface 
M in R} with the moving Lorentzian Darbouz frame {T, 7, €}. Then the Tn-Smarandache 
curve 3 is spacelike and the Sabban frame {G, T8,&} is given by 


a me 0 
B ne oe akg T 
Ts | = J (akg)? —2k2 \/ (akg)? —2k2 (akg)? —2k2 7 I, 
Eg abkg a*kg ~2kn E 
\/2(akg)?—4k2 — \/2(akg)?—4k2 —/2(akg)?— 42 
and the geodesic curvature kg of the curve 8 reads 
ie a abkggi — a? kggo—2kn gs 
V2 (a2k2 — 2k2)* 
where 
ds* (akg)? — 2k2 
ds 2 , 
and 
g. = bar kgknky — ba7 kok, + a°kg — (a® + 2a) kok? + 2ake, 
gz = —a kek, + oP kgknk, = ba kokn + 2bk:,; 
gs = 2aknk, — 2akgknkh — ba?kokn + 2bkg ke. 


Proof. We assume that the curve a is a principal curve. Differentiating the equation (3.1) 
with respect to s and using (2.4) we obtain 
dp 
‘ = = 
Ro ds 
1 


= 5 ac + aknn + akgé), 


8 U. OZTURK AND E. B. KOC OZTURK 


and 
2 2 
1 ot _. (akg) — 2ky, 
(ie) = Cs 
where from (2.7) (akg)” — 2k2 > 0 for all s. Since 6’ = 28 a the tangent vector Tg of 
the curve £ is a spacelike vector such that 


1 
(3.7) Ts = ———_—- (bk T $+ akan + akg), 
(akg) — 2k2 
where 
ds* __ | (akg)? — 2k2 
ds 2 ‘ 


On the other hand, from the equations (3.1) and (3.7) it can be easily seen that 
és = -Bx Tp 


(3.8) = d (abkgT + a7?kgn—2kn€), 
2 (akg)? — 4k2 


is a unit timelike vector. 
Consequently, the geodesic curvature kg of the curve 6 = {(s*) is given by 


kg = det (8, Ts, Ts) 
abkggi — a? kggo—2kn gs 
V2 (a2k2 — 2k2)” 


where 
g. = barkgknk, — ba*kok, + a°kg — (a° + 2a) keke, + 2aks, 
g2 = —akok, ta *kgknk, — ba kaka + 2bk, 
93 = 2akakl, — 2akgknky — ba? kekn + 2bkg ks 


From (3.1), (3.7) and (3.8) we obtain the Sabban frame {8, Ts, &g} of 8. 


In the theorems which follow, in a similar way as in Theorem 5 we obtain the Sabban 
frame {8, Ts,€s} and the geodesic curvature k, of a spacelike Smarandache curve. We 
omit the proofs of Theorems 6 and 8, since they are analogous to the proof of Theorem 5 


Theorem 6. Let a = a(s) be a principal spacelike curve lying fully on the spacelike surface 
M in R} with the moving Lorentzian Darboua frame {T,,€}. Then the Té-Smarandache 
curve B is spacelike and the Sabban frame {B, Ts,&g} is given by 


a 0 _ 
B Ne akn ah T 
Te | = o/2k2 = (akn)? of 2k2 —(akn)? of 2k2 —(akn)? n 1, 
Eg —abkn, 2kg —azkn 


VJ 4k2—2(akn)? — \/4k2=2(akn)? —-\/4k2 —2(akn)? 
and the geodesic curvature kg of the curve 8 reads 
pe abknhi + 2kghata"knhs 
V2 (2k2 — (akn)”) 


ds* | 2k? — (akn)” 
ds 2 : 


? 


where 
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and 
hy = —ba°kik, + ba kgknk), + 2ak5 — a® kjk, — 2akoke +0°k,, 
ho = 2akgknk, — 2akgky — 2bkokn + ba kak, 
hs = @ kk, —a*kgknkh —2bk; + bakgka- 
Theorem 7. Let a = a(s) be a principal spacelike curve lying fully on the spacelike 


surface M in R} with the moving Lorentzian Darboux frame {T,n,€}. Then 
(i) if akn — bkg #0 for all s, the n€-Smarandache curve B is spacelike and the Sabban 
frame {B, Ts,&5} ts given by 


a b 
8 o wiwi[T 
Tp = € 0 0 n 5 
és 0-45 et | LE 
and the geodesic curvature kg of the curve 8 reads 
_ akg + bkin 


kg = 


V2 
where € = sign (akn — bkg) for all s and 
ds* aky, — bkg 
apes 


(it) if akn — bkg =0 for all s, then the Sabban frame {8, T,&s} of the n€-Smarandache 
curve B is a null geodesic. 


Proof. We assume that the curve a is a principal curve. Differentiating the equation (3.3) 
with respect to s and using (2.4) we obtain 


, _ dB ds* 
B= ds* ds 
1 
= -—~(ak, —bk,)T, 
V2 ( @) 
and : 
1 ot\ . (akin — bkg) 
(6, pty = hn — Pha) 
Then, there are two following cases: 
(i). If akn — bkg #0 for all s, since 6’ = 48 = then we obtain the unit tangent vector 
Tz, of the curve £ is a spacelike vector such that 
(3.9) Ts =eT, 
where 


and € = sign (akn — bkg). 
On the other hand, from the equations (3.3) and (3.9) it can be easily seen that 
Eg = —B x Ts 


b a 
(3.10) = 67” | Te 


is a unit timelike vector. 
Consequently, the geodesic curvature kg of the curve 3 = G(s") is given by 


kg = det (8, Ts, Tg) 
akg + bkin 
J/2 
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From (3.3), (3.9) and (3.10) we obtain the Sabban frame {8, Tg, &s} of 6. 
(ii). If ak, — bk, = 0 for all s, then @’ is null. So, the tangent vector Tg of the curve is 
a null vector. It is known that the only null curves lying on pseudosphere $? are the nul 
straight lines, which are the null geodesics. 


Theorem 8. Let a = a(s) be a principal spacelike curve lying fully on the spacelike surface 
M inR} with the moving Lorentzian Darboua frame {T,n,€}. Then the Tn€-Smarandache 
curve 3 is spacelike and the Sabban frame {8, T8,&} is given by 


a 
B Be t bn v c), 


(bkn — ckg) T + akny + akg 
4/3 (kB — 2) + (bky - chy)? 
(abkg — ackn) T + ((3 + 0°) kg — bckn) n— ((3 — 7) kn + bekg) € 


&s ns ’ 
1/9 (3 — #3) +3 (bk — chn)? 


Ts 


and the geodesic curvature kg of the curve 8 reads 


7. — _ (abkg ~ ackn) br — ((3 +b) kg — bekn) lo— ((3 — c?) kin + bckg) 13 
V/2 (a2k2 — 2k2)? 
where 
2 2 2 
ds* _ \/3 (#2 — #3) + (bly — ckn) 
ds V3 : 
and 
ly = (3abk, — 3ackgkn) ki, + (3ack? — 3abkgkn) kh + (bkn — ckg) (bkg — ckn)® 
+Bbcky — 3bcky +3 (0° +c”) kgk, — 3 (0? +07) kjkn 
lo = ((307+3c? +9) k2 — 6bckgkn) ki, — ((30? + 3c? + 9) kgkn — 6bcks) ky 
- (ac? + 3ac) ka + (3ab + 3abc”) kako + (ab? - 3ab) koh + (3ac - 3ab"c) kok 
ly = ((307 + 3c? — 9) kgkn — 6bck;) ky + ((9 — 3b? — 3c”) kj + Gbekgkn) kn 
+ (ab? - 3ab) ke - (3ac + ac*) kg ke + (3ac - 3ab’c) Keke + (3ab + 3abe") ee 


Example 1. Let us define a spacelike ruled surface (see Figure 1) in the Minkowski 3-space 
such as 
¢:U CR? > R? 
(s,u) —+ 6(s,u) = a(s) + we(s) 
and 
o(s,u) = (—usinhs, s, —ucoshs) 


where u € (—1,1). 
Then we get the Lorentzian Darboux frame {T,17,&€} along the curve a as follows 


T(s) = (0, 1, 0), 
1 
n(s) = ———=<(coshs, —u, sinhs), 
V1 — u2 
&(s) = eee ne 0, —coshs) 
1—u?2 


where &(s) is a spacelike vectors and n(s) is a unit timelike vector. 
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FIGURE 1. The spacelike surface (s, u) 


Moreover, the geodesic curvature kg(s), the asymptotic curvature k,(s) and the principal 
curvature Tg(s) of the curve a have the form 


Taking a = V3, b = 1 and using (3.1), we obtain that the Tn-Smarandache curve 8 of 
the curve a is given by (see Figure 2a) 


B(s*(s)) = (FES, v3- 4, 5) 


Taking a = b = 1 and using (3.2), we obtain that the T€-Smarandache curve 8 of the 
curve a is given by (see Figure 2b) 


Taking a = V3, b= 1 and using (3.3), we obtain that the n€-Smarandache curve 8 of the 
curve a is given by (see Figure 3a) 


B(s*(s)) = (sinh s V3coshs, V3u, coshs — V3sinh s) 


1 
Jie 
Taking a = V3, b=1, c=1 and using (3.4), we obtain that the Tn€-Smarandache curve 
B of the curve a is given by (see Figure 3b) 


B(s*(s)) = (cosh s —sinhs, /3—3u? —u, sinh s — cosh s) : 


1 
V1l— wu? 
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(A) The Tn-Smarandache (B) The Té-Smarandache curve § on 
1 1 
curve 8 on S? for u= 7 S? for u= 


FIGURE 2 


(A) The n€-Smarandache curve 3 on S?2 (B) The T7gé-Smarandache curve § on 
foru= 4 S? foru= 


v3 v3 


FIGURE 3 
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FIGURE 4. The Smarandache curves on S? foru= 4 


al 


4. CONFLICT OF INTERESTS 


The author(s) declare(s) that there is no conflict of interests regarding the publication 


of this article. 


Bw 


REFERENCES 


Ali, A. T.,Special Smarandache Curves in the Euclidean Space, Int. J. Math. Combin., 2, 30-36, 
(2010). 

O’Neill, B., Semi-Riemannian Geometry with applications to relativity, Academic Press, New 
York, 1983. 

Ashbacher, C., Smarandache Geometries, Smarandache Notions J., 8, 212-215, (1997). 

Koc Ozturk, E. B., Ozturk, U., Ilarslan, K. and NeSovié, E., On Pseudohyperbolical Smarandache 
Curves in Minkowski 3-Space, International Journal of Mathematics and Mathematical Sciences, 
vol. 2013, Article ID 658670, 7 pages, 2013. doi:10.1155/2013/658670 

Koc Ozturk, E. B., Ozturk, U., Harslan, K. and NeSovié, E., On Pseudospherical Smarandache 
Curves in Minkowski 3-Space, Journal of Applied Mathematics, vol. 2014, Article ID 404521, 14 
pages, 2014. doi:10.1155/2014/404521 

Tasképrii, K. and Tosun, M., Smarandache Curves on S?, Bol. Soc. Parana. Mat. (3), 32(1), 51-59, 
(2014). 

Turgut, M. and Yilmaz, S., Smarandache Curves in Minkowski space-time, Int. J. Math. Comb., 
3, 51-55, (2008). 

Bektas, O. and Yuce, S., Special Smarandache Curves According to Darboux Frame in E?, Rom. 
J. Math. Comput. Sci., 3(1), 48-59, (2013). 

Korpinar, T. and Turhan, E., A new approach on Smarandache TN-curves in terms of spacelike 
biharmonic curves with a timelike binormal in the Lorentzian Heisenberg group Heis®, Journal 
of Vectorial Relativity, 6, 8-15, (2011). 


Korpinar, T. and Turhan, E., Characterization of Smarandache M, M2-curves of spacelike bihar- 
monic B-slant helices according to Bishop frame in E(1,1), Adv. Model. Optim., 14(2), 327-333, 
(2012). 


DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCES, UNIVERSITY OF CANKIRI KARATEKIN, 18100 CANKIRI, 


TURKEY 


E-mail address: ozturkufuk06@gmail.com, uuzturk@asu.edu 


DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCES, UNIVERSITY OF CANKIRI KARATEKIN, 18100 CANKIRI, 


TURKEY 


E-mail address: e.betul.e@gmail.com, ekocoztu@asu.edu 


